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It was recently shown that the theory obtained by deforming a general two dimensional
conformal theory by the irrelevant operator T T¯ is solvable. In the context of holography,
a large class of such theories can be obtained by studying string theory on AdS3. We show
that a certain T T¯ deformation of the boundary CFT2 gives rise in the bulk to string theory
in a background that interpolates between AdS3 in the IR and a linear dilaton spacetime
in the UV, i.e. to a two dimensional vacuum of Little String Theory. This construction
provides holographic duals for a large class of vacua of string theory in asymptotically
linear dilaton spacetimes, and sheds light on the UV behavior of T T¯ deformed CFT2. It
may provide a step towards holography in flat spacetime.
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1. Introduction
Vacua of quantum gravity in asymptotically anti de Sitter spacetimes are holograph-
ically dual to Quantum Field Theories (QFT’s) which approach a renormalization group
fixed point (a Conformal Field Theory) in the UV. This is reflected in the fact that the
entropy of the bulk theory, which is dominated at high energies by large AdS black holes,
grows as E →∞ like Eα, with α = d−2d−1 < 1 (for AdSd), in agreement with the growth of
the entropy in a d− 1 dimensional CFT.
One of the most important open problems in quantum gravity is to generalize the
highly successful AdS/CFT paradigm to other spacetimes, such as flat Minkowski space-
time IRd−1,1. There are many indications that holography plays a central role in such
spacetimes as well, but there is no useful description of the boundary theory. One way to
see the difficulty is to note that the entropy of very massive black holes in IRd−1,1 grows
like Eα with α = d−2d−3 > 1, so the dual theory must exhibit this growth as well. This
implies that it cannot be a local QFT in the usual sense (an RG flow connecting two fixed
points).
It has been known for a long time that there is an interesting intermediate case,
Little String Theory (LST). From the bulk perspective, it corresponds to spacetimes of
the (asymptotic) form IRφ× IRd−1,1 where IRφ is labeled by a radial coordinate φ, and has
the property that the dilaton depends linearly on φ, at least near the boundary at φ→∞,
where the string coupling goes to zero. Such backgrounds arise naturally in string theory
near NS5-branes [1], and singularities of Calabi-Yau manifolds [2], and are believed to
exhibit holography as well [3].
The black holes that govern the high energy thermodynamics of LST have an entropy
that grows like the energy. In this sense, LST can be thought of as an intermediate case
between anti de Sitter spacetime, in which the entropy grows like Eα with α < 1, and flat
Minkowski spacetime, where α > 1. There are other ways in which this is the case. For
example, both linear dilaton and anti de Sitter spacetimes are solutions to (dilaton) gravity
with negative cosmological constant, while in flat spacetime the cosmological constant
vanishes. On the other hand, the time it takes signals to propagate from the bulk to the
boundary is finite in AdS spacetime and infinite in the other two.
All of the above suggests that understanding holography in asymptotically linear
dilaton spacetimes might provide a useful step towards holography in flat spacetime. What
makes this particularly interesting is that the Hagedorn behavior of the entropy at high
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energies implies that the dual cannot be a standard local QFT, like in flat spacetime, and
it would be nice to understand it microscopically.
Most of the work on LST in the past treated it as a bulk theory in an asymptotically
linear dilaton spacetime, and there was no useful definition of the dual, or boundary,
theory. The aim of this note is to take advantage of recent progress in field theory [4,5]
to (partially) rectify this situation. We will argue that a large class of two dimensional
conformal field theories deformed by a certain T T¯ operator provide a boundary description
of two dimensional vacua of LST. In particular, they give a microscopic understanding of
the Hagedorn entropy of black holes in asymptotically linear dilaton backgrounds of the
form IRφ × IRt × S1.
The plan of this note is the following. In section 2 we discuss some of the results of
[4,5]. In particular, we point out that the spectrum of a CFT2 on a spatial circle deformed
by the irrelevant operator T T¯ , interpolates between that of a CFT2 at low energies and
a spectrum with Hagedorn growth at high energies. In section 3, as preparation for a
discussion of the T T¯ deformation in holography, we review some elements of string theory
on AdS3, and the LST that underlies it. In particular, we present a geometry that gives
rise to a bulk realization of an RG flow from a theory with Hagedorn density of states
in the UV to a CFT2 in the IR, which is qualitatively similar to that appearing in T T¯
deformed CFT2.
In section 4 we discuss the T T¯ deformation of CFT2 in the context of holography. We
show that a certain natural T T¯ deformation corresponds in the bulk to a marginal current-
current deformation of the worldsheet theory on AdS3. We investigate this deformation
in section 5, and find that it corresponds to string theory in the bulk geometry that
interpolates between AdS3 in the IR and a linear dilaton spacetime in the UV discussed in
section 3. Thus, it describes a particular (two dimensional) vacuum of LST. In section 6 we
compare the high energy thermodynamics of the boundary theory (a T T¯ deformed CFT2)
to that of the bulk theory, obtained by studying black holes in the deformed background,
and find agreement between the two. In section 7 we comment on our results.
A note on terminology: when discussing the (deformed) CFT2 in the context of holog-
raphy, we will alternate between referring to it as a boundary (as opposed to bulk) and a
spacetime (as opposed to worldsheet) theory.
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2. T T¯ deformation of CFT2
In this section we discuss some aspects of the recent work [4,5] (see also [6,7]) on the
theory obtained by deforming the Lagrangian of a two dimensional conformal field theory
(CFT2) by
δL = tT T¯ , (2.1)
where T and T¯ are the holomorphic and anti-holomorphic components of the stress tensor,
respectively, and the composite operator T T¯ is defined at finite coupling t as [8]
T T¯ (y) = lim
x→y
(
T (x)T¯ (y)−Θ(x)Θ(y)) . (2.2)
Θ is the trace of the stress tensor, related to T and T¯ by the conservation equations
∂x¯T = ∂xΘ; ∂xT¯ = ∂x¯Θ. (2.3)
The operator T T¯ has dimension four. Hence the coupling t in (2.1) has units of length
squared; in particular, it is irrelevant (in the RG sense). The resulting theory approaches
the original CFT at long distances, whereas at short distances one in general expects the
theory to lose predictive power.
The authors of [4,5] used techniques from integrable field theory to study the defor-
mation (2.1). In particular, they calculated exactly the spectrum of the theory on a circle
of circumference R and found it to be
E(R, t) = −R
2t
+
√
R2
4t2
+
4π
t
(h− c
24
) , (2.4)
where c is the central charge of the original CFT. The coupling t must be taken to be
positive for the theory to have a vacuum [4].
In the infrared limit t→ 0, (2.4) approaches the standard CFT result,
E(R, 0) =
4π
R
(h− c
24
), (2.5)
corresponding to a state1 with L0 = L¯0 = h. Equation (2.4) describes the change of the
energy of such a state as we turn on the perturbation. A few comments about (2.4) are in
order at this point:
1 In (2.4) we exhibited the result for states with h = h¯. The generalization to the case h 6= h¯
is known.
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(1) This equation relates the three dimensionless quantities that appear in the problem,
b =
4πt
R2
, E = ER
2π
, M = 2h− c
12
. (2.6)
In terms of these quantities, it takes the form
E(b,M) = −1
b
+
√
1
b2
+
2M
b
. (2.7)
(2) b in (2.6) can be thought of as the value of the coupling t (2.1) at the scale R. Small b
corresponds to weak coupling at distances ≥ R. In this weak coupling regime, there is
a large number of states, those for which |M | ≪ 1/b, whose energies are little changed
by the perturbation and are given to a good approximation by (2.5), E ≃M . As |Mb|
grows, the deviations of the spectrum (2.7) from the CFT one increase. In particular,
for high energies (Mb≫ 1) one finds
E ≃
√
2M
b
, or E ≃
√
2πM
t
. (2.8)
Interestingly, the spectrum becomes R independent in this limit; the energy scale is
set by the coupling t. Note that in the weak coupling regime b≪ 1, the energy scale
in (2.8), 1/
√
t, is much higher than the energy scale of the original CFT, which is of
order 1/R.
(3) The coupling plays an important role for low lying states above the SL(2, IR) invariant
ground state as well. Consider, for example, the ground state itself, which corresponds
to h = 0, M = −c/12, (2.6). As explained in the previous comment, the properties
of this state start to deviate significantly from the original CFT when bc becomes of
order one. In particular, for bc > 6 one finds that the energy of the ground state (2.7)
becomes complex. For c ∼ 1 this does not happen at weak coupling, but for large c
it does. One can think of bc as a ‘t Hooft coupling for this theory. We will mostly
discuss the regime of weak coupling (b≪ 1) and arbitrary ‘t Hooft coupling bc.
(4) One can use the energy formula (2.7) to analyze the entropy of the deformed theory.
Since this formula relates each state in the theory (2.1) to a state in the original CFT,
the entropy S(E) is given by the usual Cardy form, S = Sc(M), with M expressed in
terms of E via (2.7). The Cardy entropy of the CFT is
Sc(M) ≃ 2π
√
c
3
M , (2.9)
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valid for M ≫ 1. Using (2.7), this can be written as
S(E) = 2π
√
c
6
(2E + bE2) , (2.10)
which is expected to be valid for E ≫ 1. For 1≪ E ≪ 1/b, this reduces to the original
CFT entropy (2.9). In the opposite regime, E ≫ 1/b one finds instead
S ≃ 2π
√
bc
6
E =
√
2πct
3
E . (2.11)
This is a Hagedorn entropy, S = βHE, with inverse Hagedorn temperature
βH =
√
2πct
3
. (2.12)
Note that βH is equal to the circumference of the circle, R, at the point where the
ground state energy becomes complex (corresponding to bc = 6 in (2.6)). This is a
UV/IR relation reminiscent of the relation between the mass of the winding tachyon
and the Hagedorn temperature in (perturbative) critical string theory (see e.g. [9]).
Like there, in models with fermions the state withM = −c/12 corresponds to fermions
with anti-periodic boundary conditions around the circle.
(5) The fact that the T T¯ deformed theory (2.1) has a Hagedorn density of states implies
that its UV behavior is not governed by an RG fixed point. A theory with this behavior
is not expected to have local operators, such as the stress tensor (2.3). Thus, some of
the assumptions that were used in [8] are not satisfied in this case. Nevertheless, the
results of [4,5] suggest that the analysis of [8] is still valid.
(6) There are RG flows in QFT that look in the vicinity of an IR fixed point as T T¯
deformations of a CFT2, but lead in the UV to a fixed point rather than to a Hagedorn
spectrum (see e.g. [10,11]). The reason for the difference with the results of [4,5] is
that in the latter case the theory looks like a T T¯ deformation at all scales, and not
just in the IR.
We see that at high energies the theory (2.1) does not approach a UV fixed point, but
rather has a Hagedorn spectrum (2.11). There is a class of interacting non-gravitational
theories that is known to have a Hagedorn density of states at high energies – Little String
Theory. Thus, it is natural to ask whether the theories (2.1) give rise to two dimensional
vacua of LST. In the remainder of this note we will argue that in a large class of examples
this is indeed the case.
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3. Aspects of the AdS3/CFT2 correspondence
To study the results of [4,5] in the context of the AdS/CFT correspondence, we start
in this section with a brief review of some relevant aspects of string theory on AdS3
(see e.g. [12,13] for more detailed discussions). We will take the AdS3 background to be
supported by a flux of the Neveu-Schwartz B-field. In this case the worldsheet theory on
AdS3 is solvable – it is described by the WZW model on the SL(2, IR) group manifold.
The worldsheet dynamics is governed to a large extent by a left-moving SL(2, IR) current
algebra generated by the currents Ja(z), a = 3,+,−, and another, right-moving, current
algebra J¯a(z¯), both at level k. The level determines the size of the AdS space in string
units, RAdS =
√
kls.
A typical vacuum of string theory on AdS3 takes the form
AdS3 ×N , (3.1)
where N is a compact CFT, whose central charge is determined by the condition that the
total worldsheet central charge of (3.1) is critical (twenty six for the bosonic string, and
fifteen for the superstring). A well studied example is superstring theory withN = S3×T 4,
which describes the near-horizon geometry of k NS5-branes wrapped on T 4 × S1 and p
fundamental strings wrapped on S1. The S3 corresponds to the angular directions in the
IR4 transverse to both the strings and the fivebranes, and is described by a WZW model
on the SU(2) group manifold. The total levels of SU(2) and SL(2, R) are both equal to k.
The worldsheet SL(2, IR)L×SL(2, IR)R currents play an important role in the study of
the theory. The zero modes of these currents give conserved global charges in the spacetime
theory, which correspond to the global part of the conformal group of the spacetime (or
boundary) theory. In particular, J3 gives L0, while J
± give L±1, and similarly for the other
worldsheet and spacetime chirality. The full (anti) holomorphic stress tensor T (x) (T¯ (x¯))
of the spacetime theory is constructed in terms of these currents and other observables on
AdS3 [13].
An observation [2] that will play an important role in our discussion below is that vacua
of the form (3.1) are closely related to two dimensional vacua of LST. Indeed, consider
string theory in the background
IRt × IRφ × S1 ×N , (3.2)
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where the first factor is time, the second a spatial direction with linear dilaton along it,
and the rest as before. The slope of the linear dilaton, Q, is determined by the criticality
condition. As φ → ∞, the string coupling gs ≃ exp(−Qφ/2) goes to zero. φ → ∞ is
the boundary of the spacetime (3.2), on which the dual theory lives. As φ → −∞ the
coupling diverges. To study physics in this region requires some understanding of the
strong coupling behavior of the theory.
String theory in the background (3.2) is believed to be holographically dual to a non-
local, non-gravitational theory [3]. The high energy behavior of the entropy is dominated
by black holes, which are obtained by replacing IRt × IRφ in (3.2) by the two dimensional
black hole background. This black hole is described by an exactly solvable worldsheet
theory, which corresponds to the coset SL(2, IR)/U(1) [14]. The high energy behavior of
the entropy is Hagedorn, S(E) = βHE, with
βH = 2π
√
kls. (3.3)
Some thermodynamic properties of this black hole were studied in [15,16].
The relation between (3.1) and (3.2) can be thought of as follows [2]. One starts
with the background (3.2) and adds to it p fundamental strings wrapping the S1. The
addition of the strings modifies the background in the IR (i.e. in the region φ→ −∞). In
particular, the string coupling no longer grows without bound there; rather it saturates at
a value g2s ∼ 1/p. Thus, for large p the coupling is small everywhere, and one can study
bulk string theory in this background using perturbative techniques.
The full background takes in this case the form [2] (see also [17])
M3 ×N , (3.4)
where N is as in (3.1), (3.2), and the three dimensional background M3 is
ds2 =f−11 l
2
sdγdγ¯ + kl
2
sdφ
2,
e2Φ =
v
p
e−2φf−11 ,
dB =2ie−2φf−11 ǫ3,
(3.5)
where lsγ = x
1 + x0, lsγ¯ = x
1 − x0,
f1 = 1 +
1
k
e−2φ, (3.6)
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and v is a constant associated with the compact CFT N . Recall that x1 is periodically
identified, x1 ∼ x1 +R.
The background (3.4), (3.5) interpolates between the LST background (3.2) near the
boundary at φ→∞ and the AdS3 background (3.1) in the infrared φ→ −∞. It describes
an RG flow from a non-local theory with a Hagedorn spectrum in the UV, to a standard
CFT2 in the IR. The transition between the two occurs at a value of φ determined by the
requirement that the two terms in f1 (3.6) are comparable. We can choose this scale to
take any convenient value, and this has effectively been done in (3.6). The RG flow (3.5)
will be the focus of our discussion below.
In the example mentioned above, where N = S3 × T 4, the UV geometry (3.2) is
the CHS geometry [1] of k NS5-branes wrapped on T 4 × S1, and the non-local theory
in question is the six dimensional LST of k fivebranes compactified on a torus. The RG
flow (3.5) interpolates in this case between this non-local theory in the UV and the CFT2
obtained by studying the system of k NS5-branes and p fundamental strings in the infrared
limit, which is dual to string theory on AdS3 × S3 × T 4.
Another observation which will play a role below concerns the structure of the bound-
ary CFT corresponding to the background (3.1). It has been proposed [18,19] that at large
p this theory has the form of a symmetric product
Mp/Sp , (3.7)
where M is a CFT with central charge cM = 6k. Roughly speaking, M can be thought
of as the CFT associated with a single string added to the background (3.2), and the
structure (3.7) relies on the fact that at large p the interaction between the p strings in
the background (3.2) goes to zero. The status of (3.7) is not completely clear, but we will
assume it below. Our results provide some further support for this assumption.
Since for large p string theory in the background (3.1) is weakly coupled, one can use
perturbative (worldsheet) techniques to study it. In particular, one can construct vertex
operators that describe low lying local operators in the boundary theory [12,13]. In terms
of (3.7) one can think of these vertex operators as “single trace” operators in the symmetric
orbifold CFT. More precisely, they correspond to operators of the form
p∑
i=1
Oi(x), (3.8)
where Oi correspond to a particular operator O(x) ∈ M living in the i’th factor in (3.7),
with the sum over i imposing Sp invariance.
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4. The T T¯ deformation in AdS3
In order to make contact with the discussion of [4,5], we need to construct the T T¯
deformation in string theory on AdS3. One possibility is to use the vertex operator of the
stress tensor in [13], whose construction we will review shortly, and consider the double
trace deformation by the product of the vertex operators for T and T¯ . We will next argue
that there is also a single trace T T¯ deformation, which is easier to study in the bulk.
To understand it, it is useful to start with a brief review of the construction of the
stress tensor in [13].2 There are two observables that play a key role in this construction.
One is the current
J(x; z) = 2xJ3(z)− J+(z)− x2J−(z), (4.1)
which combines the SL(2, IR)L currents into a single object labeled by the auxiliary variable
x. This variable can be thought of as position on the boundary of AdS3. There is also a
right-moving analog of (4.1) with the opposite worldsheet and spacetime chirality J¯(x¯; z¯).
The second observable is
Φh(x; z) =
1
π
(
1
|γ − x|2eφ + e−φ
)2h
, (4.2)
which is an eigenfunction of the Laplacian on AdS3, and gives rise in the quantum theory
to a primary of the worldsheet and spacetime Virasoro, with worldsheet dimension ∆h =
∆¯h = −h(h − 1)/(k − 2) and spacetime dimension (h, h).
In terms of the operators (4.1), (4.2), the vertex operator of the spacetime stress-tensor
is given by
T (x) =
1
2k
∫
d2z(∂xJ∂xΦ1 + 2∂
2
xJΦ1)J¯(x¯; z¯). (4.3)
As explained in [13], this operator is physical (i.e. BRST invariant), its spacetime scaling
dimension is (2, 0), it is holomorphic, ∂x¯T = 0 (as expected from the unitarity of the
spacetime CFT), and it satisfies the standard OPE algebra of the holomorphic stress-
tensor in the spacetime CFT2. The anti-holomorphic stress tensor T¯ (x¯) is constructed
similarly by flipping all the chiralities in (4.3), (x, z, J)↔ (x¯, z¯, J¯).
The T T¯ deformation of [4,5] corresponds in terms of the above discussion to adding
to the worldsheet action the product of the vertex operators for T and T¯ . Since each of
2 For simplicity, we will discuss the construction in the bosonic string. The generalization to
the superstring is explained in [13].
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these vertex operators is given by an integral over the worldsheet, this leads to a non-local
worldsheet deformation, typical of double trace deformations in holography.
To construct the single trace deformation we will be interested in, we observe (following
[13]) that there is another vertex operator we can consider, that combines elements of the
constructions of T (4.3) and T¯ . That vertex operator is
D(x) =
∫
d2z(∂xJ∂x + 2∂
2
xJ)(∂x¯J¯∂x¯ + 2∂
2
x¯J¯)Φ1. (4.4)
Since the left-moving part of the vertex operator (4.4) is the same as that of T (x) (4.3),
while its right-moving part is the same as that of T¯ , we know that from the point of view
of the spacetime Virasoro algebra it is a quasi-primary operator of dimension (2, 2). It is
natural to ask what is the spacetime interpretation of this vertex operator.
To answer this question it is useful to look back at the discussion of the previous
section, and in particular to recall that the spacetime CFT takes (at large p) the symmetric
product form (3.7). In terms of this structure, the stress tensor vertex operator (4.3)
corresponds to the sum of the stress tensors of the different factors in (3.7),
T (x) =
p∑
i=1
Ti(x). (4.5)
It is a special case of (3.8), with the operator O(x) being the stress tensor of the CFTM.
In terms of the structure (3.7) there is a natural conjecture for the interpretation of
the operator D(x) (4.4) in the spacetime CFT,
D(x) = A
p∑
i=1
Ti(x)T¯i(x¯), (4.6)
which again has the form (3.8), withO(x) ∼ T (x)T¯ (x¯), the product of the holomorphic and
anti-holomorphic stress tensors in M. The constant A can be determined by computing
the OPE of T (x) (4.3) with D(y) (4.4). From the spacetime CFT we expect to get
T (x)D(y) =
AcM/2
(x− y)4 T¯ (y¯) + · · · . (4.7)
On the worldsheet, this calculation can be done using the results of [13]. In addition to de-
termining the constant A, the structure of this OPE provides evidence for the identification
(4.6).
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Further evidence for this identification can be obtained by calculating the OPE ofD(x)
with other operators in the spacetime CFT. A large class of such operators is obtained
by taking a Virasoro primary operator V (z) with dimension ∆V = ∆¯V in N (3.1), and
dressing it with an operator from the AdS3 CFT, Φh,
O(x) =
∫
d2zΦh(x; z)V (z). (4.8)
The operator (4.8) is physical as long as its total worldsheet dimension is one, ∆V +∆h = 1.
From the perspective of the boundary theory, it corresponds to a combination of the form
(3.8). Again, one can calculate the OPE D(x)O(y) in the CFT and in the AdS and
compare. We leave the details of the worldsheet calculation of this OPE as well as of (4.7)
to another publication.
The operator (4.6) is interesting from the perspective of studying T T¯ deformations of
a CFT. Adding it to the Lagrangian of the spacetime CFT (3.7) corresponds to deforming
each copy of M by a T T¯ deformation with the same coupling t. It leads to a spacetime
theory of the form
(Mt)p /Sp , (4.9)
whereMt is the CFTM deformed by a T T¯ deformation (2.1), and we can use the results
of [4,5] to study it. Thus, it is interesting to understand what happens to the bulk string
theory when we add to the worldsheet Lagrangian the vertex operator
∫
d2xD(x), with
D(x) given by (4.4). We have
∫
d2xD(x, x¯) =
∫
d2x
∫
d2z∂2xJ∂
2
x¯J¯Φ1 = 4
∫
d2x
∫
d2zJ−(z)J¯−(z¯)Φ1(x; z). (4.10)
In the first step we integrated by parts, using the fact that the boundary terms at infinity
vanish due to the rapid drop-off of the wave function Φ1 (4.2) there. In the second step
we used the definition of J(x; z) (4.1). In principle we have to be careful about defining
the composite operator J−(z)Φ1(x; z) since there is a short distance singularity when J
−
approaches Φ1, but since the relevant OPE is
J−(z)Φh(x;w) ≃ − ∂xΦh
z − w , (4.11)
the residue of the worldsheet pole is a total derivative in spacetime, and the integral over
x in (4.10) kills this singular term.
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We can now perform the x integral in (4.10). Since the only quantity that depends
on x is Φ1, the integral we need to perform is
∫
d2xΦ1(x; z). Plugging in the form of Φ1
(4.2), we find an elementary integral, which gives a constant. Finally, we have∫
d2xD(x, x¯) ≃
∫
d2zJ−(z)J¯−(z¯), (4.12)
where we did not keep track of an overall multiplicative constant.
We conclude that the T T¯ deformation of the CFT M in (3.7) is described from the
bulk perspective by a J−J¯− deformation of the SL(2, IR) CFT. In the next section we will
discuss this deformation of the bulk theory.
5. The J−J¯− deformation of AdS3
In the previous section we argued that a particular T T¯ deformation (4.6) of the bound-
ary CFT (3.7) corresponding to an AdS3 background in string theory is described in the
bulk by a deformation of the worldsheet theory by a term of the form
δLws = λJ−(z)J¯−(z¯). (5.1)
In this section we will discuss some properties of this deformation.
The first notable property of the deformation (5.1) is that it is truly marginal on the
worldsheet. It might seem surprising at first glance that the irrelevant T T¯ deformation
of the spacetime theory corresponds on the worldsheet to a marginal one, but this is
exactly what we should expect. The fact that the worldsheet deformation is marginal is
the statement that we have a solution of the bulk string theory equations of motion for all
values of λ. The bulk background dual to the T T¯ deformed theory (4.9) should of course
have this property.
The irrelevant nature of the T T¯ deformation must be reflected in the fact that the
effect of the deformation (5.1) should increase in the UV, i.e. as we approach the boundary
of AdS3. As a simple first check, one can calculate the (spacetime) scaling dimension of
the coupling λ in the boundary CFT. As mentioned earlier, the operators J− and J¯− give
rise to the spacetime Virasoro generators L−1 and L¯−1, respectively. Thus, the operator
J−J¯− has spacetime scaling dimension (1, 1), and the corresponding coupling, λ has scaling
dimension (−1,−1), in agreement with that of the coupling t in (2.1). Hence, we expect
this coupling to decrease in the infrared, and increase in the ultraviolet in the spacetime
theory.
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One way to see the effects of λ on the bulk geometry is to use the Wakimoto variables
[20] (see also [21,22]). In terms of these variables, the SL(2, IR) sigma model is described
by the worldsheet Lagrangian
Lws = ∂φ∂¯φ− 2
α+
R̂φ+ β∂¯γ + β¯∂γ¯ − ββ¯exp
(
− 2
α+
φ
)
, (5.2)
where α2+ = 2k − 4.
The Lagrangian (5.2) looks superficially like an asymptotically linear dilaton spacetime
near the boundary at φ → ∞, but this is in fact misleading. Indeed, integrating out
the fields β, β¯, that appear quadratically in the Lagrangian, one gets back the AdS3
sigma model in the Poincare coordinates (φ, γ, γ¯), and the linear dilaton disappears when
performing the Gaussian path integral.
In the description (5.2) the currents J−, J¯− take a particularly simple form, J−(z) =
β(z) and J¯−(z¯) = β¯(z¯). Thus, the perturbation (5.1) corresponds in this language to
adding to the worldsheet Lagrangian a term proportional to ββ¯. The coefficient of this
term can be set to ±1 by using the symmetry of (5.2) corresponding to opposite rescaling
of (β, β¯) and (γ, γ¯) combined with a shift of φ.
For one sign, the deformed worldsheet Lagrangian takes the form
Lws = ∂φ∂¯φ− 2
α+
R̂φ+ β∂¯γ + β¯∂γ¯ − ββ¯
[
1 + exp
(
− 2
α+
φ
)]
. (5.3)
This Lagrangian exhibits a bulk realization of the RG flow of the boundary theory. As φ→
−∞ (i.e. in the infrared), the correction to the Lagrangian due to the J−J¯− deformation
decreases, and the deformed Lagrangian (5.3) approaches the undeformed one (5.2). On
the other hand, as φ→∞ the correction becomes important. In particular, the coefficient
of ββ¯ in (5.3) now approaches a constant, rather than going exponentially to zero, as it
did in (5.2). Thus, when we integrate out β, β¯, we get a sigma model for (φ, γ, γ¯) that
asymptotes to a linear dilaton spacetime, rather than to AdS3. In fact, performing the
path integral over β, β¯, we find3 the background M3 discussed in section 3, equations
(3.5), (3.6), [23,2].
We arrive at the following picture for the role of the T T¯ deformation (4.12) in string
theory on AdS3. As reviewed in section 3, it is very natural to view a string background
3 To be precise, in the bosonic string this is true for large k, while in the superstring it is true
exactly, in terms of a suitably defined level k.
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of the form AdS3 × N (3.1) as obtained from a two dimensional vacuum of LST, which
corresponds to a linear dilaton background IRt × IRφ × S1 × N (3.2), upon addition of p
fundamental strings wrapped around the S1. The full background (3.5), (3.6) describes
an RG flow, which approaches in the infrared the fixed point corresponding to the AdS3
background (3.1), which is a CFT of the form (3.7), and in the UV describes a theory with
a Hagedorn spectrum.
The T T¯ deformation (4.6) of the infrared CFT (3.7) provides the boundary description
of this RG flow. This description involves a flow up the RG, which normally is considered
to be problematic in QFT. But here, the authors of [4,5] argue that this leads to a well
defined, predictive structure, presumably due to the symmetries preserved by the T T¯
deformations. This is in agreement with the bulk perspective, where the deformation in
question corresponds to a marginal worldsheet perturbation, which is expected to be well
behaved.
We finish this section with a few comments:
(1) A byproduct of our analysis concerns holography for asymptotically linear dilaton
spacetimes. As mentioned in the introduction, in the past LST was defined as the
bulk theory in an asymptotically linear dilaton spacetime [3], and there was no useful
independent description of the dual, or boundary, theory. Our results combined with
those of [4,5] lead to such a description. To the extent that the T T¯ deformed CFT can
be studied using conventional field theoretic techniques, it provides an independent
description of the bulk theory on asymptotically linear dilaton spacetimes of the form
(3.5), (3.6). Conversely, our construction clarifies the nature of the UV behavior of
T T¯ deformed CFT2. The authors of [4] pointed out that this theory is non-local.
From our perspective, this non-locality is due to the fact that the UV theory is a
LST, which is inherently non-local in the UV.
(2) In our analysis above we implicitly assumed that the sign of the J−J¯− deformation
(and thus of the associated T T¯ deformation) is such that the coefficient of ββ¯ in
(5.3) is 1 + exp
(
− 2
α+
φ
)
. For the opposite sign, this coefficient would have been
−1+exp
(
− 2α+φ
)
, which would lead in (3.5), (3.6) to f1 = −1+ 1ke−2φ. The resulting
background has a singularity at the place where f1 vanishes, and the large positive φ
region, where the boundary of the spacetime is supposed to be, is hidden behind it.
This background seems to be unphysical. In the boundary theory, the “good” sign
corresponds to positive t in (2.4), and the “bad” one to t < 0. The authors of [4]
claim that the T T¯ deformed theory does not have a vacuum for t < 0. This is in
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agreement with our picture, where the sickness is the singularity at finite φ.4 In both
pictures it is the UV part of the theory that is cut off. In the boundary theory this
is the statement that for t < 0 the energies (2.4) become complex for large h; in the
bulk, this is due to the singularity that prevents one from going to arbitrarily large
positive φ.5
(3) AdS3 vacua in string theory can be studied using the powerful techniques based on
SL(2, IR) current algebra. While the J−J¯− deformation breaks the SL(2, IR)L ×
SL(2, IR)R current algebra, the worldsheet theory is still amenable to an algebraic
analysis, since it corresponds to a coset CFT of the form SL(2, IR)× U(1)/U(1) [31].
6. Spectrum and thermodynamics
In this section we use the holographic duality described in the previous sections to
provide a microscopic description of the Bekenstein-Hawking entropy of black holes in
asymptotically linear dilaton backgrounds. To do this, we compare the entropy of highly
excited states in the T T¯ deformed CFT (4.9) to the entropy of the corresponding black
holes.
We start on the boundary side of the duality. A generic state of energy E in the
theory (4.9) is obtained by dividing the energy between the p factors of the T T¯ deformed
CFT2 Mt,
E =
p∑
j=1
Ej. (6.1)
The total entropy of such states is
Stot(E) =
∑
j
SM(Ej). (6.2)
For comparison with the bulk, we would like to take the total energy E to be large, and
maximize (6.2) over all partitions of the energy (6.1), subject to the constraint that the
total energy is fixed.
4 The fate of singularities in the context of gauge/gravity duality is discussed e.g. in [24-27].
5 A recent paper [28] considered the regime of negative t in the context of holography, for a
different T T¯ deformation – the double trace deformation [29,30] corresponding to the total T and
T¯ . The picture proposed in that paper involves an AdS3 geometry with a Dirichlet wall at a finite
radial position. It would be interesting to understand the relation of that work to ours, where the
AdS3 geometry is deformed, and the role of the wall is played by the singularity described above.
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It is easy to see that a partition of the energy with all Ej = E/p is a stationary point
of (6.2). That point is a local maximum of the entropy if and only if the entropy of Mt,
SM(E), satisfies the constraint
∂2SM
∂E2
< 0 , (6.3)
i.e. the system has positive specific heat. In our case, assuming that all the Ej are large,
the microscopic entropy is given, in terms of dimensionless energy E , by (2.10),
SM(E) = 2π
√
cM
6
(2E + bE2) . (6.4)
Recall that cM = 6k, the central charge of the undeformed CFT2, M, and (6.4) is valid
for E ≫ 1.
The first derivative of (6.4) gives the (dimensionless) inverse temperature,
β(E) = S′M(E) = 2π
√
cM
6
(1 + bE)(2E + bE2)− 12 . (6.5)
The second derivative (6.3) is
β′(E) = −2π
√
cM
6
1
(2E + bE2) 32 (6.6)
We see that Mt is a system with positive specific heat – increasing the energy increases
the temperature.6 Hence, the maximal entropy configuration in (4.9) is one in which all
Ej are equal, and one has
S(E) = pSM(E/p) = 2π
√
2kpE + kbE2, (6.7)
where we used the fact that cM = 6k. This result is valid for E ≫ p, and interpolates
between the undeformed CFT behavior, which is obtained for p ≪ E ≪ p/b, and the UV
Hagedorn behavior for E ≫ p/b.
We will next compare the result (6.7) to the thermodynamic entropy of black holes
in the bulk geometry (3.5), (3.6). The black holes in question are described by the metric
and dilaton [32]
ds2 = −fE
f1
(dx0)2 +
1
f1
(dx1)2 +
f5
fE
dr2,
e−2(Φ−Φ0) =
f1
f5
,
(6.8)
6 It is interesting that without the strings, the specific heat of LST is negative, due to quantum
string corrections to the leading, Hagedorn, thermodynamics [15]. That effect is present here as
well, but it is subleading in the 1/p expansion, for energies that scale like p.
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with
f1 = 1 +
r21
r2
, fE = 1− r
2
0
r2
, f5 =
kl2s
r2
, r21 = 8pk
3/2lsG3. (6.9)
G3 is the three dimensional Newton constant, and r0 is related to E via
r20 =
16π2G3k
3/2l3sE
R2
. (6.10)
There is also a B field that we did not write and x1 ∼ x1 +R.
In the background (6.8) there is a competition between fE and f1. When r0 ≪ r1,
the horizon of the black hole is deep inside the AdS3 region, and the solution (6.8) is given
by the BTZ black hole one to a good approximation. Hence, the entropy is given by the
Cardy entropy with c = 6kp. When r0 ≫ r1, the horizon is deep inside the linear dilaton
region, the solution is given to a good approximation by the SL(2, IR)/U(1) black hole
times S1, and the entropy exhibits Hagedorn growth.
This behavior is similar to that found in the field theory analysis (6.7) (see the dis-
cussion around (2.10)). There the transition between the CFT2 and LST behavior of the
entropy occurred at E ∼ p/b ∼ pR2/t. In the gravity calculation it occurs at r0 ∼ r1,
which means (6.9), (6.10), E ∼ pR2/l2s . Thus, the two calculations agree if we set the
coupling t to t ∼ l2s .
To make this more precise, we compute the entropy of the black hole (6.8) using the
Bekenstein-Hawking formula. We get
SBH =
R
√
f1
4G3f5
= 2π
√
4kπ2l2sE2
R2
+ 2pkE . (6.11)
Note that G3 does not appear in the final form of the entropy, but ls does. This is in
agreement with the fact that LST involves physics at the string scale, and the Planck scale
does not play a role in it.
Equations (6.7) and (6.11) agree for
t = πl2s . (6.12)
Thus, we see that in the bulk theory the dimensionless coupling b (2.6) takes the form
b = 4π2l2s/R
2. The condition b≪ 1 implies that the radius of the x1 circle is much larger
than ls. Note also that plugging in the value of t (6.12) and c = 6k into (2.12) leads to the
correct Hagedorn temperature (3.3).
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The discussion of this section extends the standard agreement between field theoretic
and gravitational entropies from the case that the energy above extremality is small both
compared to that of the fivebranes and that of the strings,7 to the case where the energy
is much smaller than that of the fivebranes but not necessarily that of the strings. On the
gravity side, the horizon of the black hole (6.8) is always in the near-horizon geometry of
the fivebranes, but not necessarily in that of the strings.
The value of the deformation parameter t (6.12) leads to an interesting way of writing
the spectrum of the T T¯ deformed theory Mt (2.4),
(E +RT )2 = (RT )2 + 4
α′
(
h− cM
24
)
, (6.13)
where we used the usual definition for α′ = l2s , and the string tension T = 1/2πα′.
Equation (6.13) looks like the standard formula for the energy spectrum of a free string
winding around a circle of circumference R, with the transverse space described by the
CFT M. The factor h − (cM/24) (with h¯ = h), is the left and right-moving excitation
level of the string, measured relative to the stretching energy RT .
The result (6.13) has a natural interpretation from the perspective of our construction.
We saw that the T T¯ deformed theory (4.9) is obtained by adding p fundamental strings
wrapped on S1 to a linear dilaton background corresponding to a two dimensional vacuum
of LST (3.2). If we think of this background as the near-horizon geometry of a system
of NS5-branes wrapped around some manifold, as in [2], the resulting background (3.5)
describes strings confined to the worldvolume of the fivebranes. The worldsheet theory
of these strings in unitary gauge is a CFT M, which depends on the precise fivebrane
system. The spectrum (6.13) describes excitations of these strings, which are nothing but
the eponymous strings of LST.
As an example of the above discussion, consider the case where N in (3.2) is S3×T 4,
corresponding to k NS5-branes wrapped around T 4 × S1 [1]. In this case the CFT M
can be thought of as the target space of a string bound to the collection of k fivebranes.
The spectrum (6.13) describes excitations of such a string. If we want the fermions on
the string to have periodic boundary conditions, we have to study the theory M in the
Ramond sector for both the left and right-movers. The ground state energy in that sector
corresponds to h = h¯ = cM/24, and the last term in (6.13) is the excitation level above
the ground state.
7 E ≪ pR/2pil2
s
or, equivalently (2.6), (6.12), E ≪ p/b.
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7. Discussion
In this note we argued that recent progress in field theory [4,5] sheds new light on
an old problem in string theory, concerning holography in asymptotically linear dilaton
spacetimes. Such theories give rise to vacua of Little String Theory, a non-local non-
gravitational theory with a Hagedorn high energy density of states. We focused on the
specific case of two dimensional LST, and studied the sector of the theory with p ≫ 1
fundamental strings. The infrared limit of the theory is in this case a two dimensional
conformal field theory (3.7), which has a well studied AdS3 dual (3.1). We proposed that
the holographic dual of string theory in the asymptotically linear dilaton spacetime (3.2),
is the T T¯ deformed CFT2 (4.9).
One consequence of our analysis is a microscopic understanding of the Hagedorn en-
tropy of two dimensional black holes in asymptotically linear dilaton spacetime. The
microstates of these black holes are states in the T T¯ deformed CFT2 (4.9), whose entropy
agrees with that of the corresponding black holes.
The boundary theories that figure in our discussion (and that of [4,5]) do not fall
into the usual paradigm of quantum field theory. Mathematically well defined QFT’s
correspond to RG flows that connect a UV fixed point to an IR one. In our case, we start
from an IR fixed point and flow up the RG to a theory that is non-local at short distances.
Usually, attempting to flow up the RG leads to loss of predictive power, associated with
the fact that there are in general multiple RG trajectories that look in the infrared like
the fixed point theory perturbed by a particular irrelevant operator.
From that perspective, it may seem puzzling why the theories studied in [4,5] and
here are well behaved and predictive. In the field theory analysis the answer seems to be
the extra symmetries effectively imposed on the theory by the requirement of integrability,
which lead to a particular RG trajectory. There are examples in QFT, especially with a
large amount of supersymmetry, where analogous flows up the RG lead to sensible results,
such as [33], and of course critical string theory itself, where a low energy gauge theory with
irrelevant interaction is completed to a sensible theory valid for arbitrarily high energies.
In all these cases, it seems that from the perspective of the low energy theory, the choice
of RG trajectory is determined by a large symmetry.
In our string theory discussion, the flow up the RG in spacetime seems to be sensible
since the corresponding worldsheet deformation, (5.1), is in fact marginal. This looks
superficially different from the field theory reasoning, but the duality suggests that the
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two are related. In particular, one should be able to identify the conserved charges that
underlie the analysis of [4,5] in string theory with the J−J¯− deformation, which would
make the relation manifest.
An important question regarding the work of [4,5] is whether it provides a complete
description of a unitary quantum theory. These papers address the question what happens
to the energies of states in a CFT2 after a T T¯ deformation. One can ask whether unitarity
requires the presence of additional states that are not captured by this analysis, e.g. are
there states that disappear in the infrared limit. In our string theoretic description, one
can for example ask whether the field theoretic analysis captures the continuum of states
living in the infinite throat IRφ in the bulk description. These states are known to be
important in the study of off-shell Greens’ functions of LST [34], and they give an important
contribution to the thermodynamics of the theory [15]. We leave the study of these states,
and in particular their relation to long strings in AdS3 [35], to future work.
It is natural to ask whether there is an analog of our picture in higher dimensions. In
particular, one can study N = 4 SYM perturbed by the irrelevant operator corresponding
to adding back the 1 in the harmonic function of the threebranes (see e.g. [36,37]). If this
deformation preserves integrability, one may be able to use it to study holography in flat
spacetime.
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